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4.1 V:ctor Spaces and Subspaces

AN

Definition 4.1. A non-empty set V is called a vector space if there are defined on V' two
operations, addition of vectors and multiplication by scalars, so that ten basic properties
hold for all vectors in the space. These properties are listed here, (you are not required to
memorize them],
Let u, v, and w be vectors in V', and | salars (real numbers).
1. u4visin V. V\Wb}’f—j
2. enisin V. G(OS w7 €
}_\
3. u+v=v+u. \?FOPW IQS_
4 (u+v)+w=u+{v+uw)
5 0+u=u=u+0.
6. There exists a vector ¥ such that u + I’:\/} =u +‘\r— 0. W/L ‘— { M
T. elut+v)=cu+c .
l. © 1) = cu + cv.
L nderse
8 (e+dju = cu + du.
9. eldu) = (ed)u.
10, Tu = wu.
That list of properties is long but here is a summary:
« The sum of any two vectors in V' is also in V.
« Any scalar multiple of a vector in V' is also in V. This incluges Ouv.
o The last 8 can be stated as "Addition and scalar multiplication are well behaved.”
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Example 4.1.1. Examples of vector spaces: L}L | a d\
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2. I, the set of polynomials of degree at most n.
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Subspaces \) (\5 G S,M./bg IOQ, L o CDS‘ \/

Definition 4.2. A subspace H of a vector space V(is a subset of V' _ghich is also a vector

space. This means that H must contain the zero vector and must be closed under addition
and scalar multiplication.

1 1]
Example 4.1.2. 1T =Spang |0, |1 is a subspace of B? Ldfa'g .
1 1
1 1l 1 4]
Check the properties: Given two vectors w =a; [0] +az |1| and v =8 |0 45 |1
1 1 1 1
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Example 4.1.3. Some Tnes are subspaces and atu 1€ are u:} [ v ZJX : / ‘\) O "‘ Sjvb\b S logj o 2
0

Pa

The line r3 = ar; is a subspace of B2

+ The line x5 = agy+ b is NOT a subspace of R, —— b’{: O )(_L:_Q_)(I XZ: Ck:Xl + _t)
(’:L\ Why? AKX Y,z X,
N > Y= X/ X X o
\\{ >y — ¥/l a \ X:(’(L = §
734 . o subsof
0

Example 4.1.4. s B a subspace of B/ Qa 5’ g_
G 5 o)
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Example 4.1.5. The set W = the 1** and 3™ guadrants of the plane, Is W a subspace of B X l

4//% e s ¥+(2)
zw% L) Lo =G 1) Ty,
-1 =N < (0 -

/ e L (@o)ED=(h ) WM,
///// ~ WD/ muw«

Chapter 4 Page 2



Chapter 4 Examples , Linear Algebra 5e Lay Chalmeta

Definition 4.3. A basis for a vector space is a set of linearly independent vectors that

generate the space.

A basis is a minimal spanning set.

Example 4.1.6.

1|+ 17 p s a basis for R? 2 \’l{zd
Sl L P

a—b
. bh—e¢ . .
Example 4.1.7. Is the set of vectors of the form : : a vector space? If it is, find a basis.
=
b

o> (J,(.OS«LJ

uf 1-5 |

2kries N —c | _ 6
c—a |7 o t
\O o

Chapter 4 Page 3



