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2.2 The Inverse of a Matrix
Recall: The Identity Matrix is a square matrix with 1's along the main diagonal and zeros

Looo /“/_/—( -
1(1] 0100 /l_ — —

everywhere else.
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Example 2.2.1. [ = [ Yy D010

o o1

We call it the identity matrix becaunse it behaves like 1 in multiplication, w \/\JA* S M«\L ANANY & ) S. 2 O
10 a b a b a b 1o a b
Example 2.2.2. 01 :| [ e r;] - [ I ef:| [ o ] [ ] - [ [ 7 % ’/0

Example 2,2.3.] “ !_' }] @ _](‘C’l t H—OQJ/L ‘\:’e
2.2.1 Matrix Inverses R :r— l MH{J’
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Definition 2.3. If M is a square matrix and if there exists M ' such that

A = Tand MO = T ?(7) ) W p/ ke
dtiy

then M~ is the Multiplicative Inverse of M. We often simply call it "The Inverse” of M.
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G ek A=Y -3
NOT ALL SQUARE MATRICES HAVE INVERSES. For example [ 2| ; ] /4' - | 2
Q. How do we know i an inverse exists for [A] and how do we find one if it does?
-t 2 =3
A, We perform Gauss Jordan Elimination on the angmented matrix [ A | I ] until it looks like /47 —_ OQU]LA’ — 2/
AT

If & matrix does NOT have an inverse we call @ a singular matrix.
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. 5 e
Example 2.2.4, 4 = j J and A™! = [ -l 23 ] Show that these are inverses of each other.
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Example 2.2.5. A= [ _l ] Find A

Row r{]r!m; ll]].l:- Emlgal -\'?-7,—7 121 l 3) | (D)
s TR 21

Q/ouo l_]—l /)L/’: l O{

2 x 2 Matrix Inverse

1 b . .
Theorem 2.3, Let A = d ] and define the determinant of

A # 0 then A is invertible and

If det A = 0 the matrix is not invertible.

Example 2.2.6. ‘l—[; G

M/Arﬁ 19— 1§ =0 Sone A DME

t}] Find A~!
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Example 2.2.7. A= | 0 1 4 | Find 47!
\L 1 6 15 TQ’{O
Ry seduce this matrix: \)
o -
10 100 13—2 —7i%g ! R-SR.H,
010 @ “ o Ry=ta Py
001 oL s |-t
U (.)
L /
3 -1 1 1 1 -1
Example 2.28. M= | -1 1 0| Find M~ ! = 1 2 -1
1 [ -1 -1 2
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Solving a matrix equation

Suppose we have a system of equations

M T+ azTp+ a3y = 04
e +byrg+bawy = by
CQEyp + gy foaly = 0y

where a;, b, and ¢; are real numbers and . @,y are variables. Then we can write the coefficient

matrix

/ ayp Mg g
A= b b by

€ 2 €3

and [1F it exists) we can find the inverse matrix A

The original system can be written in matrix forn:

and we end up with an equation of the form AX = b, If this were an algebraic equation where A
and b were numbers we could easily solve this by dividing on both sides by A, WE CAN'T divide

matrices.

What we can do with matrices is to multiply by the inverse of A, Then we get something that
looks like this {
AN =b 40— ,_{ C? >< — L/ ( % 5

A -
AC | AVAX] = AT *;/_
- IX=AT"b
X=A"h X — é

—

The nice thing aboul solving an equation this way is that now we can easily solve many problems
that have the same A but different b with one simple matriz multiplication.
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Chapter 2 Notes, Linear Algebra Ge Lay Chalmeta

Example 2.2.9. Solve

Sty — 1O X 3

—ry + fo’{

oty = 1 -
X5

y N o Lo
by writing the equation in matrix form as AX = b and multiplying by 1 |A—L _ 1 2 1

2 - | ‘¥ (
_l l O "(Z = |
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Example 2.2.10, Solve i :_: : :s : ;
r+ry = -3
- ] ( -
= A E e I
- -
11
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[ Invertible

Theorem 2.4. Properties of Invertible Matrices
1. If A is an invertible matrix, then A~ is invertible and

(A7) =4

2. If A and B are n x n invetrible matrices, then so is AB, and the inverse of AB is the
product of the inverses of A and B in reverse order:

(AB)™ = B4~ &/} B)/—: BT/L)

4. If A is an invertible matrix, then so is A7, and the inverse of A7 is the transpose of

Al

(AN = (e ' Lo o w_s
L /‘[\ R: ) 5}/\) { b b
N ) A, A
2.2.2 Elementary Matrices /Y "'/(}{ | P [‘a ro (7
Definition 2.4. Xu elementary matrix is\one that is obtained by performing a single elementary. / ()VS
! P u ALY tyvm&/\w'(' e oF ’

T

row operation on an Tiemntits

Example 2.2.11. Find the product £,A and F;A and identify the corresponding row operation

where
001 100 a b e
Er=1010 =101 4. and A=|d e f
100 001 g b

o oD K . oé N (, R H“_)L,\r/;\
Taly Gy @ e S\ d e L fo F rows
~ & |

Invertible matrices are row equivalent to I,

Theorem 2.5. An n x n matrix A is invertible if and only if 4 is row equivalent to I, and
in this case, any sequence of elementary row operations that reduces A to I, also transforms

I, into A~!

a 5 c
A+V3 e+l § 3yl
N 0
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