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6.1 Introduction 7 5 I/,
\oos- A = Jx fy/ziij‘/ﬂ

6.1.1 Exponential Functions X 2 :\LK

The Exponential Function

The exponential function with base a is denoted by

fo) =@ 9~

where a # 0, a # 1, and z is any real number.
- — S = <]\
FRT N

Graphs of exponential functions

Consider f(x) =27 and g(x) = 47.
Let’s look at a table of x and y values for these functions.

< Ne. LD onsvk  meprs %WW*‘%\‘
DV@ N .H/z, W"W"? SJ,YLC &é" “}"{’\J- ALl on
L2 a1 e
2T = = 2

Z [

l






What about the graph of f(z) =277 9 —

| l/7/ ’/C(

3 9 9

In general we have two basic shapes. y = a® and y = a=*. If we

plot them on the sjne set of axes we can see they are very similar:

The Natural Ba



The Number e

The following limits produce the same number and we call that
number e.
1 i
1i_>m (1 + —) =€
T—00
. Vot & |
lim (1+2)Y/% = ¢
@ x—0 L
e~ 2. 71828 .. \ 2% . .. )

e is just a number

Since e is a number we can use it in the exponential function f(x) =

e’. Why? Because it works in many situations.

CO=p7



Properties of exponents

Let a and b be positive numbers with a # 1, b and let x and y

be real numbers. Then:

A) Exponent Laws: Q&
1. a%a¥ = f&3Y°2 @9 . = /\.{‘—
g ’ l 2" 2— t é
2. (a®)¥ = a™¥ (—‘CL - - L@

” _ Hr > . '—'o‘a‘fu-\b‘kb:gés
3. a’b &ax&>2 a,ﬁ,@.b,abd

Y - ¢
Cbx _ a — X —
aYy oL
at = aq¥ if and onlv if x = Y.
P h
n= O



6.1.2 Logarithms

C—
Let a > 0, a#landx>0then bM’L

G =

The function f(x) = log,(x) is called the logarithmic function
:)v;:h base a ?—;\Lﬁ\hx/?> Y= b@kex
"log base a” \\ﬁ W”ﬂ"j ]
Example 6.1.1. = LT\

L logy(81) ~(§E £ et Y

2. 10;_@8 23 169/ = leg 5 (21)

Racs ’/{’> /03 /(}90



Ey oo

Example 6.1.2. Find . logey(125) = yl =
G4

n words: The logarithm y = log,(x) is the power (y) to which the
base (a) must be raised to get a given number (x)

Example 6.1.3. Rewrite as an exponential function
logy(1/32) = —5 =S \

) Z =2 Log.5) X

Example 6.1.4. Rewrite as an exponential function

0 = l/
logy6(2) = 1/4 ) L(;_ 2 Mf@ﬁ@ag (SX) l%/(m)

Example 6.1.5. Rewrite as a logarithmic function 125 = 59

@(!Zgj';z /(0(751&'5’;13




6.1.3 Graphing logarithms

Suppose we have the function y = f(z) = b*.

Then the inverse function is = oY OR y = f~Hx) = logy(z). So

the logarithm is the inverse of the exponential function:
Yy

%[Z =
Since the two functlo erses of each other then

plose(®) — 1 AND 1ogb(b93

LX: g‘



Example 6.1.6. Simplify logy(64) = K y
3
X 6 5o,
V=6 =1" [ x=e oo
Properties of Logarithms LY 2 ‘

Let b be a positive real number with b # 1, and let x be any real
number. Then:

1. logy(1) =0
L\%ﬂ——f
2.10gbb =1

logy(bY) = o e
4. bo2(®) — g if 1 > 0



6.1.4 The natural logarithm

This is the same as before but now we use base e where e is the number
we found in section 6.1.1. Since the log base e shows up so often we
call it the natural log.

log,()(=

We also use log base 10 very often so weakbseyiate that as

&

Your calculator follows the same comnrvestn o511,

Example 6.1.7. Evaluate the following logarithms without a
calculator

1. 1og(1000) = og , ( 1299) =X
IOK;WO@ X=3



S

2 X _
V3T = X =
3. logb(b ) E& {>¢;§//z, [

4 In(e?) j”ée(g >~~,

Example 6.1.8. Evaluate with your calculator:

L log(345) = 2.5 8T8 @ §



Example 6.1.9. More problems
1

1. Rewrite loggy 8 = 5 in exponential form.

2. Rewrite 472 = — in logarithmic form.

3. Evaluate logg 2.

1
4. Use the properties to evaluate In (ﬁ>
e



5. Find the domain of g(z) = In(13 — x)

6. Use the properties to evaluate —731n(e)

7. Use the properties to evaluate eln(55)



6.2 Properties of Logarit

Change of Base Formula

Let a, b, x be positive real numbers with a # 1,b # 1. Then

O - logb< )% Oor an
1g ) = oz ( )<_(F y b)

For the calculator you can use either base 10 or base e.

log,,(x) = log(2) OR log,,(x) = 1n(x).

10g(a) In(a L
< bale [O 1304'2.
Example 6.2.1. Evaluate on a calculator using both common and

natural logs.

Jog 1. _ L q—— O.F12v143 Y
log7(4) = Log I a7




«———/‘ _JAMQ TS a_ 9“%‘-(&“”"'(\-‘1‘

Example 6.2.2. Convert 60 1. ()E%Q> 3360 to Jogarlthmlc form an

solve for ¢ wnke u% :[
t i S c
W {l °d 'is< /&’3(’ ®)

Important Properties of Logarithms

d

§2.3

=

Let b, M, N be positive real numbers with b and let p be any

real number. Then:

1. 1ogb (MN) = logy(M) + logy (V)
— " v
2. logy (M) logy(M) — logy(N)
[,__,_,-J
3. logy (MD glogb(M)

4. logy(M) = logy(N) <= M = N

.

V?w Loaﬂl) + Leg (S-) —
108 lo —=| X/@}a' (12 > B_/Lsg CLZ>




Example 6.2.3. Use the properties of logs to rewrite the following

GXpI'eSSIODSV.V mp@ ‘J\I& T — )
L. logyg 10z) :logl (Lo) + logw (2) :ll t /(09‘02
J2’°9 %—: Qoﬁ d “’f/ﬁg M N -
2. logg (%) = i"gé (é - l/ogé

103 U/m :?bg (MB —

|
3. log;(V/5) = iOg5 ( 55@) = él-ﬁagg (S) —:// —3—-



2 A/
L1 (a: 1) (x - x)cbu-\)) gt

ﬁq L P\ A M

| G x+\ﬂ ,Q,V.MM?: .

Kgﬂ“[ﬁi ';C@/QM&H)@U@ Jon MT= o Ao M
q

5105"5(\/_3/) [og ( - q> YIRS

= Loy [x'” 1) ,Lag (2*)

(.{

“’iogx #La‘—a L@g%
[ kA g ®(



Example 6.2.4. Use the properties of logs to rewrite the following
expressions as a single Ao gor T‘/’ hom

Aogarithiz Lt ) fn— Jon W
1. In(z —2) — In(x + 2) m — 30

Wy
QV\lggbz_z_J glogb g@)logg_(: lo«k (\JV ?63) “/(’@j gﬁt «{jﬁj& (
.mn(zjtf)ﬂ—ﬂn(z—f)) =N L[ 562«4-34:} m

_ dnfzce] dn(o-s) = /;m[[z(am]

(% -5)*

9
Y T + Y I (TS =2 |, (;94‘) J”\ ( %(213:;5 j

Example 6.2.5. Solve without a calculator: Iogr2=togr32—=

Log, & F Aoy, 32 —i"éfc, [2:32) = “‘W \7;;]
L{}c -6 (/:(1'3 T




Example 6.2.6. More examples

1. Simplify by using common logarithms: logs(29) =

Log 2~
YRS F78095S /-

2. Simplity by using natural logarithms: log, 7 = — ‘=
- Yo267F ¢4
5

3. Write the expression in terms of In5 and In 3: 1n —

()= A5 )= - W)

- (X~
4. Expand the logarithmic expression: In Vi1 }/14 )




5. Use the propertles of logarithms to expand the expression:

logg( 12:z:y /@03 L2 4 1,0;, X + 16(36 ‘33

A

ﬂ% g v r3den

)@07 M J-/Zo? )
6. Write as a single logarithm: 10g6 x + log6 T+ 7 7)] ‘/Ldg M M
m ﬂgg [ Océx%?)\l
D,LS’ILW ’w/{‘é

7. Write as a single logarithm: 3 10g8 r —4) + 5logg(x




Iflna = 2,Inb = 3, and In ¢ = 5, evaluate the following:

eeeeeeeeeeeeeeeeeeeeeeeee

O o
(@) ( mO (m—)'_ Lo 5 1&/4}%(\&
e —

W&Q A L :
o ~ (I [E) o
3 dn C prre
- [% O -%(@>\&%
2k C
X}/w@ 4 L E\y/
2 (5) 2>




6.3 Exponential Equations

Recall:
o' =a’ <= r=y

and
log,x =log,y <= x =y

Example 6.3.1. Solve for x in the following equations:

3
1 93+3:16j P et G2 =L
Y45 7
(L{B) =y 3cw«3)f1 X= / b =4
2 +1 = L
2,37 = 243=3" @ _/







Example 6.3.2. Solve for z:
1. e?* = 50

In ()= I ($0)

9\){—-}/
_—




6.4 Logarithmic Equations lOg yt = b ’@7 M

ee Vi
Example 6.4.1. Which of deeisng are cquivalent toGlog (u /7

- Vg o 3
10g<\/_) Lsg ?f?) jﬂé}( >1"3( )) 3Leg

) —§log _ -3 ) Log U m
3) log (#) Sora




lag\g ;f 4_‘> i}#—_x

Example 6.4.2. Solve for = in the followmg equations: M~
LMO A X= /‘/nf‘ ? ~,(4(7U——l<9ﬁﬂ
jm_,ma<;;>@—-——.< T, X = Log, X
N =

2. logi25. \@Tﬂf,h s eXPotieal,
/7 Xb{‘:' é?'% Xz S

(=
3.@(2:1:—1):0 2
| :g = 2X—| @
v
4.5+ 5z =30 “5( /r@ _ Té
r}mxtzy
Jonx =S

5. log 2 — log 822 = 3



Logarithmic equations

ursada ctober . — [ — [@ M
Thursday, October 15,2020  11:38 AM i@gl M 0; W _ Z p_

5. log 22 — log 822 = 3
N =

Chapter 5 Page 1



Example 6.4.3. Simplify the following:

VgD (2-1) Loy b = Jzx-)
/

y

Iy = X

Example 6.4.4. Solve for x: % wr ‘\‘f’é =S
/
1) Indx =1 L = 14X

2) logg 6 + logg(x + 5) = 2



fog M+ dag M = Loz (M)
logg 6 + log(;(aj :g)_;FE
/{06(6 ( L X (X 4/8‘\\ = l

(5= LX(XFS)

26 = by +30X

(o= 6x'? fgoxu%)~
b= T FIX —6
o= (¥ FeY(xX=1)
%/@

/@%(W\ p Log (AF5)=2=
/bbgé(ﬂ’m pon £ b dome

&4 )@%é + )(%é = [ ] @



JL@J _&J, ' Mbd'
5 Uyl |~ ke s XY

2
366 T il

26 (N =¥" a=l )b=m3t, e= =36
O = )(L__géo(.,gé
\ i‘W- 26 2 36" -4(N(-36)

(¢ 2 —— =
2 (1) Lheck #~ 0rippnal

—
X = 3éim S
. /ﬁ?ééé?‘?ﬁ v

__—




1P+ (V=L +v)

6.5 Expongntial and['Logarithmic Models
:Ly+ (X = x (2,4-@)
M

Finance: Compound intprest. P -

P is some principal amount of money. o &
r 1S the mterest rate per|year. S — (0. 05

o SlmpTe mterest /(;x) sos )0 = 105 = joo( 1+0:5)
=
—7 After 1 year we hav (P 1 +r

P
ear we have Py = P1 rPl —®1—I—T = P(1+7) 1+fr
1+ Cywof‘QSl: — ")C H.r)

n fact at yea u have ~f
gxRere~t
P = P(1+ Y “ s A

[f you compound each month then you have to add 1/12 of the

interest every month and oet
r
Pr=P (1 + B : where ¢ = number of years.



In general if you compound n times per year you have

p

If we compound contmuously that
| —

G AR
(o,gl\)? _]if_ @
652

Example 6.5.1. My credit card has $4000 on it. The interest rate
is 18% per year. If I make no payments how much do I owe at the

Eld three years<1f thg credit card company compounds the mterest
(a) yearly, monthly, (c) dall , and ( m c &
po? (1457 W) (W) (&
_ D
(" 0.8 ) f”?/ ]/({OOO
n= | for(®) n=%(S  Fe(C)
n=— \t Q/PQQ) N=P Sra\f{(ﬂ>







Example 6.5.2. We would like to haye $5000Qin our investement
account at the end of ¢ years. Find the amount of\principal P that

2% '
P = —?76" — 6(0,0755(‘0) @

e

3.t = o0 years.

- T <
’\)’“ (0,(915’3(5‘0)

S




Example 6.5.3. Find the tirwred to double an investment of

Py dollars if the interest rate ig’6% cdmpounded continuously.

The formula for interest compounded continuously is




(hooo ok G W/p\u%\ roke

Example 6.5.4. TW g 0 (L
0.012¢
= 240360e 1'2/0&

Wher@epresents he yeaf 2000) According to this model when

will the population reac

0 - 0(2,‘6

LIS 000 = 2({0 SCO0 & N ggwwf
2M0 /?éb 2‘/0 2460 25\7) ’ Q)(?M“'Q

012C g
"me"Dw Mﬁ o by atsdf
ﬂ/\/\ 2L 7;60

TSl (o
M(wy 0.0 T ¢
= (0,50 / oir T Stepdl awide
) o\




Example 6.5.5. The number of bacteria /N in a culture is modeled

by y
where t is the timeAn hours—=#Affer 10 days the population is 280

bacteria. (ie. N =f 280 when t = 10), estimate the time required to

e
double the populaltion. z<_ 9% 6{0
step 1: Find /c:vO(ﬁ“’H“ rote o (10) 2;; .

— (U ” —¢ = 19
NSRS — <O 250 [© "ﬂm
step 2: Find ¢ for N = 2(250) = 500. (double the origina

tiOﬂ) 00O/ (, 33 -é
S— 00 — L SO \é

—L:é/auxvﬁ (;S\f\l>



Example 6.5.6. Carbon 14 (1*C) has a half life of 5730 years. (Half
life is the amount of time for half the original material to decay.)
Carbon 14 dating assumes that the carbon dioxide today has the same
amount of radioactive material as it did centuries ago. If this is true,
the amount of 1¥C absorbed by a tree centuries ago should be the same

as a tree growing today. A piece of ancient coal h@é mu@

as a piece of modern coal. How long ago was the tree burned to make
()frvo-/ﬂ/f)’\ é +o

Decay Mod(el): /aea >
X/M '(,;/7 M “}/P" ?,. Ag —hkt

ount of material, k is the decay _constant
and A is the amount of material left after ¢ yeafs. =

S 730
Step 1: Find k using th half life %AO Aoe_k (% 7

—Find ¢ for [ :ﬂoe_}. N h:-—-ﬂn’i
{‘;;/\%’,%Afwg A7S\* < 720

the ancient coal?

where A is the original a
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