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6 Exponential and Logarithmic Functions

6.1 Introduction to Exponential and Logarithmic Functions

6.1.1 Exponential Functions

The Exponential Function
The exponential function with base a is denoted by

fl@) =a”
where a #£ 0, a # 1, andf(is—aTy real numb@
— — 1. %5~
Graphs of exponential functions 2 - L/ l L % 4 G;
Consider f(z) = 2* and g(z) = 4%.
Let’s look at a table of z and y values for these functions. O
-
z | f(z) | g9(z) o) \ z I
-2 1/4 | 1/16 - —
-1 1/2 | 1/4 | 2 B
0] 1 | 1 s l. _(Z
1] 2 ] 4 ‘1 T
21 4 | 16 Any 4, fo l 2
3| 8 | 64 phe Faro powtTT e _l
We can graph this data on the zy-axes. 3 ( Z’
Y
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What about the graph of f(z) = 27%7 % [ 2
Y
-(~?) 2z
L -2 2 - 2 = L(
y=27* 8 - Zl - 2
g“ o 2" — |
- 5__ l 2.-( = l/?_..
ot -
Q,YVWQ | ¢ 27 = Y
: | | \\ z
-3 -2 ~1 14 1 2

In general we have two basic shapes. y = a® and y = a™%. If we plot them on the same set of axes we

can see they are very similar:

A
7—ax

y=a"

Y

The Natural Base ¢

X I
y=a’ 1Y —=2
z )T 2%

~X

[ The Number e

‘ The following limits produce the same number and we call that number e.

le~2.71828.. ..

1\*
lim (1 + —) =e
Tr—00 T

lim (1 + z)Y/®
z—0

—=(&

1@ is just a number

Since e is a number we can use it in the exponential function f(z) = ¢*. Why? Because it works in

many situations.
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Finance: Compound interest.

P is some principal amount of money. d 8‘7 [ /0
7 is the interest rate per year. 4{' , 0O o
M‘kM es YearS

Simple interest:
M
After 1 year we have P, = P+ rP = P(1 +7)
After 2 year we have Pp = Py +7P = Pi(14+7r) = P01+ ) (1 +7) = P(1+r)?
In fact at year ¢ you have lOO( [ . d§) = lé S
Pt = P(l + T‘)t

If you compound each month then you have to add 1/12 of the interest every month and you get
(2-10

12t 2
P, ( + 12) , where { = number of years. /() (&) ( ( T2

In general if you compound n times per year you have —_ / é‘/ 70

—

}%:P(1+%Yf

——

If we compound continuously that mean n — oo so

P, = Pe™.

Example 6.1.1. My credit card has $4000 on it. The interest rate is 18% per year. If I make no payments
how much do I owe at the end of three years if the credit card company compounds the interest (a) yearly,
(b) monthly, (c) daily, and (d) continuously?

P =Yooo = o.193 (*) 2 =3 n=(
) £=3 n=(2L

3 _ = 365
cq&? Yooo( | + 0:1%) @€) t=3
€ _ és“ll.lg Q#) E=3
12 -3
(6) P = oo L t5T ) =4 836.5¢
E
o8 3653

— (363,

O3
@) '\>t—_._ LooO & ,;égébf()
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Properties of exponents g {‘; e

Let a and b be positive numbers with &/ 1, b # 1 and let z and y be real numbers. Then:

3 ¥ *

A) Exponent Laws:

1. a®a¥ = q®+¥ X~ X =X X - X - X T K
2. (am)y:awy 3 "( 3 3 3 g 17_
= ' ' ' =
z . ?)

+(3) =% &QE): b - ab - ab

a” — QA &,bl)
5, — =qa*7¥

@ — a3, L3

B) a® = a¥ if and only if z = y. ‘a’:( X __,d_ {_9_

~Exampte-64-2—-Sohct1*-="T6 &;;

Q. 3-3 o)
— - G — Q
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6.1.2 Logarithms

Leta>0,a# 1 and z > 0 then
y =log,(z) <= =z =a¥

The function f(z) = log,(z) is called the logarithmic function with base a

”log base a” 3 g

/o . 3
Example 6.1.3. Zé — (/é A — 7 = €

1. logs(81) = 4 « 3* =81

2. logy8 = 3 < 16%/% — 8 léai(/é)(/é)(/é)

3. 1073 = 0.001 & log,3(0.001) = —3 l é l/ﬁ( —_ Yy ’ [6

Example 6.1.4. Find y. logs(125) = y
G
S —(25
$=5

In words: The logarithm y = log,(z) is the power (y) to which the base (a) must be raised to get a given
number ()

OR

-7
LOC(?IO (0.000000();—/&93(0 (/0 -
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Graphing logarithms:
Suppose we have the function y = f(z) = b”.

Then the inverse function is z = ¥ OR y = f~(z) = log,(z). So the logarithm is the inverse of the
exponential function.

Y 2.

(,/

7 9

y =10 7 [Oa Cl): o (&6

a——— 8 32

ent — o= | e
// ftﬁl 0/

(o't wse u.?eh‘uua neciubs -5,
CM/,/\L wie e ro

Since the two functions are inverses of each other then ’KO ( -~ O) =
d10

blogb (z) =

AND (0%:"10

log, (b°) = z

Example 6.1.5. Simplify log,(64) \[%
oy (= dogy (E)] — fog,l0) = 4

Properties of Logarithms 10 V’: o Yo
IS VIR BV

Let b be a positive real number with b # 1, and let z be any real number. Then:
1. logy(1) =0 ie. B =1
2. logy(b) =1 ie b =b
3. logy(b") ==z ie 07 =b"

4. vloss(®) — p if 2_0
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The natural logarithm
This is the same as before but now we use base e where e is the number we found in section 6.1.1.

Since the log base e shows up so often we call it the natural log.
log, () = In(z)

We also use log base 10 very often so we abbreviate that as
logyo(x) = log(z).

Your calculator follows the same convention.

Example 6.1.6. Evaluate the following logarithms without a calculator

= 1p*=lvo0O

1. log(1000).= X p—
X=2
X
2. logg(243) = X, 2\ __ 55
G =243 —> (3 ) -
zx .5
3. logyb®) = X, ’;\:_2) 37 =3

b‘x - ~3 2)(: S

X=S/2

Example 6.1.7. Evaluate with your calculator:

- 7975
1. log(345) =— 2.5 378 ,

~0 .0767 100(23

2. log(4/5) —

3 3m+vE) =201 ISFCI &
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Example 6.1.8. More problems

1
1. Rewrite loge, 8 = — in exponential form.

2. Rewrite 472 = —

/./(03,( €72

valuate logg 2.

= B)x:1:7 2 =

i -2 )
4. Use the properties to evaluate In <ﬁ> - ,Zn (f_ = 31
e

5. Find the domain of g(z) = In(13 — z)

6. Use the properties to evaluate —73In(e)

7. Use the properties to evaluate ™9 — & g,

G~ 12~% >0

(5>«
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6.2 Properties of Logarithms
Change of Base Formula

Let a,b, z be positive real numbers with a # 1,b 5 1. Then

log (z)
log,(x) = For any b)
ol logy(a) (
For the calculator you can use either base 10 or base e.
log(z) In(z)
1 = 0 1 = )

Example 6.2.1. Evaluate on a calculator using both common and natural logs.

logz(4)
7 Y
L oc (L/):/—e'gg-“;/— — O Flzq = /ah -
37’ 1‘93 Ea Mo F

v @rﬁportant Properties of Logarithms
D( M Let b, M, N be positive real numbers with b # 1, and let p be any real number. Then:

1. log,(MN) = log,(M) + log,(N)
2. logy (%) = log, (M) — log,(N)
3. log,(M?) = plog, (M)

4. logy(M) =logy(N) <= M =N

Example 6.2.2. Use the properties of logs to rewrite the following expressio

Lot = fog [0+ Log Z =] [ +Log &
(| fog ) —Aog, UL)T\

£ N
3. logs(‘%)?logs(i'@.: ’él@gg'(g) - ?

fe=s oS

10
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4ln( ) /Lﬂ()( I)*J/vl(x)
- M[(_x—l)(w-t)] ’“/0""("\ /(5"\()‘ )4 S (x o) = 31”;_)

()= Loy (4"") = ey (27)
(47) = Leg(2®) -

~ 1 Log 27

Example 6.2.3. Use the properties of logs to rewrite the following expressions as a single

logarithm.
llna: 2) —In(z+2) /e/p\( 3({-213

W X
2. logy w + logy x — log,y = /{1085 ( )

3@%)1—2111(2-5): Yin & + UL ( 2"'3’) -2 ’L"'”(\H)

= A 2k I (2rs) — st (7-5)°

e

Example 6.2.4. Solve wTIo0T S o5 T T Tog, 32 _/((93 y (2 32 )
(7”(: ¢Y

}9(’:32

11
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Example 6.2.5. More examples

lcoq 7
1. Simplify by using common logarithms: log,(29) = ch? L
2. Simplify by using natural logarithms: log, 7 — -'{/Yl 7-
T oAn q |
S
3. Write the expression in terms of In 5 and In 3: ln — = ./LVI / 3 q

= n(s) - M@") m@

4. Expand the logarithmic exSssmn ln

—*J/V\(QH) i =7 Inlx-1) — Jm(z)

5. Use the properties of logarithms to expand the expression: logg(12zy3)

1@34’ () + Log,, (x) +3Aog ()

6. Write as a single logarithm: ~ 1086 z + logg(x + 7)] ~— l/ —_
/1 RN 3
-&ﬂgg (X C)({.-frr,) ) /Zog (\)(‘CXF'?‘)\ /
/__“/"’—\

7. Write as a single logarithm: 8[10g8 (z — 4) + 5logg(z? + 9)]

~7 A

. & el
=($hogg ) g ogs 1
, . 3/
_ laéﬁ [Cx-ﬂ/" (x*+4) :l

—

]'o% g Mog, Log_g =Leg,

12 ﬁcga/(‘& ’:/»(,0(78
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6.3 Exponential Equations

Recall:
aF=d¥ = =y
and
log,z =log,y <= z=y

Example 6.3.1. Solve for z in the following equations:

1. 64713 =16 -
s 5 3Cx+3) =L
) = 3R =2
3(2+3) ol 2 = —
4> 2y —
2. 3% =243 1 \— 3_
3’(:37 X =5
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S‘X
Example 6.3.2. Solve for z: g oo O

1. €% = 50 W) — L (Booo>

CSx dubeT = An(3020)
2. 65% = 3000 5§‘ M S /L”'Cé)

An (3000)
- —~0,%9 3087 &y

Lme—

nGooe) s g = A 0 E5)
),thaoo) V/@%‘/é

TS At

14
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6.4 Logarithmic Equations

Example 6.4.1. Solve for z in the following equations:

1.lnz-In5=0

N x = A §

2. log, 625 = 4 —_:> :Xb(::,é 2§:§Y
7=s]
3. In(2 x—l)—i ’; 60: ?—.X—-l

| = 2x— |

=1 M/»»Xm

_ a0 <<
4. 5+5Inz =30 <<

5 s B
S hg— 27 T
,{4/\;(:. S 6 —

5. log2z —log 822 =3

Log (2)23 = Aog(77)=3

Example 6.4.2. Slmpllfy the followmg
1. logg62=1 — - — X = ==
Yooo
e
~ ]

. Y
2. Ine* — / =

/

3
\

15
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Example 6.4.3. Solve for z:

1. 1n@x)=1 = p = f—_(/’)é

2
¢ of 6= 6xLxHs)
W@W";( 3¢ = 6X“ 130K
Q&“/w O = 6x* rrox =3¢
\r)(){\? O fé(ﬂlks-){_é’)
:;r:\f o =6 (X — 1)




3 H‘/
%:‘2 = /&032 o
;[6 D ¢
/{086 /@og Aesa=ag SRR
/Z&(Ele <X+% ) 2 e
5 £ 471@2— Y0 (3¢
(o (b ) (”3 ){/”3) 2(-1)

LTk +3(8) 2T O



2 G S

- x = FSx =3
i e N st Jas—Yq(n(-3
P J e 4 . 52
2 A "Z,C.()
s __5-4-5??-
e

s
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P, = Gt i gour £
Example 6.5.1[ Find the time r2quired to double an investment of%’o dollars if the interest rate is 6%
compounded fontinuously. R

The formula for interest compounded continuously is = I""" LN’Q Taves ]L M
L P-Ret = jaherec b fodfee

So\vk ot -
To double the investment we want to find the value of t when P, = 2F,. 6, — W‘S\
(o 06) &
Po
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6.5 Exponential and Logarithmic Models

a.ae{-
/E/V\@ /f/”[a |
@,@6 ERX

So fwe gf’"ﬁ {7’

Example 6.5.2. The population of a city is

P = 2403600012

where t = 0 represents the year 2000. Accordi ’If to this model(when will the population reach 2750007

e 15 growtl roted e G2 e e,
?2)-[0360
How ity 3—2-@'?’6' o~ e u‘ﬁ pon OO0

0.0(2 '6

— O &
Ltsoco = | ZO
angéo /W

O.0(Y {-)
rrmoe Yo f, (€70t
— CD/O/Z

22 s,
2000 + . 2= 2oll [ <~
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Example 6.5.3. The number of bacteria N in a culture is modeled by
N = 250e¥

where ¢ is the time in hours. If N = 280 when ¢ = 10, estimate the time required to double the population.

step 1: Find k by solving the formula 280 = 250e*(10).

step 2: Find ¢ for V = 2(250) = 500. (double the original population) j/l’l 2
: 0k ’ _ { 32€ € | -
2%0 ~25v e h=0.0113 7 L=

M(%@>}mé€w - ) = e
L)z ek | ) = be

Example 6.5.4. Carbon 14 (**C) has a half life of 5730 years. (Half life is the amount of time for half
the original material to decay.) Carbon 14 dating assumes that the carbon dioxide today has the same
amount of radioactive material as it did centuries ago. If this is true, the amount of 4C absorbed by a
tree centuries ago should be the same as a tree growing today. A piece of ancient coal has 15% as much
14C as a piece of modern coal. How long ago was the tree burned to make the ancient coal?

Decay Model:
A= Age™™

where Ag is the original amount of material, k is the decay constant and A is the amount of material left

after ¢ years. )
- k(s ¥3e)
Step 1: Find % using the half life. AO = Aoe_k°730 ‘

- - &
Step 2: Find ¢ for 0.1549 = Age Arc\

per \/'”) /@w(-z = 270 R

= ?3 —S F3O0

a3 ) /&hm - Lac2)




