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3.2 Polynomial and Synthetic Division

We can use long division to divide polynomials the same way we use long division to divide integers.

X H3y 2|

x+5:c +6r2—2—2

4354:.2
N £ ”X ?'/"" O %

X2 [Tesy f-éx R
- b

(e
(3x% +6x%)
_ ==
( —X ‘"L>

Example 3.2.1. Simplify thls fmefﬁieﬁﬁ

[

So we know that

(){' L2 /x4+5x3;fz 3:—2/» é+3x )()/-/— 1)‘

More specifically we have a factor of f(z) = z* + 523 + 622 — z — 2.

.$4+5$3+6x2—9:—2:(ﬂ:3+3x2—1)(:c+2).
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*2;‘\ ™~

5z3 18 —
Examp1e322 Fanl +8:c

T O [ e 2
—(Sx2 ri5Sx ) E
@Md

— (3% Hix) (|

:'X s
($vnormet L 3\3

So we know that
5z% + 1822 + 8z — 6 ) -3

z+3 B z+3

If we write it with no depqm}ggmto;s, we get an expression-of-the-form: FE— ~———

P+ 185 180 6= (52t 43— D@+ @)k \\)
) rlxj |

. PO g(x) D(x)

This form illustrates the theorem-known-as The Divifion Algorithm which states that any two
polynomials P(z) and D(z) (where D(z) is of lower degree) can be written as

P(z) = D(z) - q(z) + r(z)

( X )
More formally: {": ( }
% a D ( x)
The Division Algorithm RY&!
If P(z) and D(z) are polynomials such that D(z) 5 0 and the degree of D(z) is less
than or equal to the degree of P(x), there exist unique polynomials ¢(z) and r(z)
such that : J
P(z) = D(z)-q(x) +r(z) &— Mo Gractionr

o Pa) 8

x r(z

=qlx)+
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Synthetic Division (The easy way to divide)

ox° + 1833 -~ + 83; =
Example 3.2.3. Divide using synthetic d1v1smn< , L i
Clﬂl(l( QJJ ‘T‘_‘_g)d&( -n‘(-; WMV,ASA —r

Iy %’j -6

st g pix 6 = (X2 -0( XR) =3

A~ P(-73)

The Remainder Theorem
Suppose @ 1s a polynomial of degree at least 1 and ¢ is a real number. When p(z)

is divided by z — ¢ the remainder is p(c).

-

P(-3) oo oo

T Wt o krow

%"’f”‘ Haid i ALyt
-3

6

+
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Example 3.2.5. Suppose we know that T = ] : g polynomial f(z) = 223 +2%—52+2.
Find all the zeros of the polynomlaliemﬁ write it in factored form. ™y

s

Since we know that z = —2 is a zero then we know that
/,»aké-\

flaz) = 22° + 27 —5x+2—(x+27 q(z )_7

‘Y12

and we can use synthetic division to find q(x) )( m
-1 2 I -5 R
Lo 2

I 7 o

\a-:—v‘v"'"‘"—""
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Example 3.2.6. Use synthetic division to divide ¥:? — S/ X 2 f :7 /Y/ - 2 = b
— 2 4 ,
X= ’\’ifb”‘*%‘- N }*JL!-L{(&) (-3)

= Js T 6 /¢

Example 3.2.7. Given that (2 + 2) and (z —4) are factors of f(z) ——Q 8z* — 14z° — 7122 — 10z +D
find all the zeros of f(z). s

%} ~/W% (y* ~lox p1YE (xt2) (%~

e msmx;«

(x+2)(£f°)

L a7 =

j)ﬁ '
— ({‘ \\2’ —te 60 2Le =ty
| J &« & . 20X S llx b2

Fqpg 3o -1p 12 C 4

I
| w2 g It
¥ 2 -3 O < 3x%tav -3

8’%2-}-2)"}/’;“( X % 3( X - :5\/

S —— . S
s N R AR R e TR A
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Example 3.2.8. Create a polynomial p which has the desired characteristics. Leave the polynomial
in factored form.

e degree 4

e root of multiplicity 2 at z = 1 V

e roots of multiplicity 1 at z = 0 and 2z = —3. /
LT RS
e the graph passes through the pojfit (2,20)

| ¢
A <pes

x_,,

P(2) = 20 = A2-N (1) (243
Lo = |0A
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3.3 Real Zeros of a Polynomial

The Rational Roots Test
If the polynomial f(z) ” +ap gz gz ay :@1&5 integer
coeflicients, every rationatzero of f has the form

Rational zero = P
q

where p and ¢ have no common factors other than 1, and
p = a factor of the constant term ag
¢ = a factor of the constant term a,,.

Example 3.3.1. Use the rational roots test to find all the real zeros of

A
1. g(z)=2%- 41’2—;;5'-4-’4 ’ G e ; ok ‘ 4 ¢ Py

e

&
4

< S
T ,»»’““ = PPV 4 / 3 3 — iI - J
2. p(z) = xi}‘,—i— T2+ 9zi— 5 Fac {GY o _T)__, - /
L e ]

~LE VLT Hac
o & &,
-2t Jy =qa)-1)

=21 )y




e

2 xP 6T +EK - 3% @i/)

2 xS

2x?+S | 2y 161 FFEX — 38
— (2x? Loyt FTX) e x(2rPESD

—J6x*ALX —3§
_ (—l6x* v X —-‘lO)b*BC?-X'L#f)

I X tA

U — X + 2
V-§ b ;DCQ(\)K




3 2
)( —bX T FI1> = C,(l,.t{x—-g)@(-z) -5
%Cx\ d¢) ~ r

Lo AU T~
«.«? U A
' ST RN )

f»yg-z rx%~éxl F 12
_,_()ii:zx’—) L x*(x-2)
T H13 N

(gt v ) =

—dx(x~72)

@HB -¥ (x~-2)
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3.4 Complex Numbers

Q: What is a complex number?

A: It is a number of the form a + b where a and b are real numbers and 2 = -1
e ¢ is called the real part . o
P [+Jd2 em | maﬁﬂLt 'S
e b is called the imaginary part. J\
| —Jd=z

e The conjugate of a + bi is a — bi. .
Properties EO< . ? — 7 +0C

lLLa+bi=c+d« o a=candb=d I‘ILZ—(i 36 C
2. (a+bi)+(c+di)=(a+c)+ (b+d)i /

)
(a+bi)-(c+di):ac+adz’+bci: (ac — bd) + (ad + bc) i __’ [—\]’2_ C
2.

3.
4. (a+bi)la—bi) = a®+b? 7\

Example 3.4.1. v =~ \j’—é - /(’/(;
a (4+i)+(5+3) = 9 + ‘/C' /‘“/ L ‘Jg

b. (20+7) -2 = ?’ (CL+5C)(0~—,§(:3 :o,L_sa,kc'?"Cthﬁ“\;:Z

2.2
—a’—b

L4
n™

o (B+20)+ (4—14) — (T+14) —

—

| o
.,,3
d (5+2)(4-3) = 20 —]SC +8¢ -4@ ~a —b(

2
— Qz-lrb

— 20 —7F¢ + €
e :ze—‘#c’) B
s

f”-_i\

(&) G-¢)

(+L) z-¢)

—( =

. —
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C +3( —10¢ —~S‘@ ( l“?t‘/

=

(3—51) sz"‘-) _

—

(2—2) (24<) Yo+ |

e B-vV Dt (-8+vB = — cJq + (-8 # ¢ J'{F)

;3—16 ~ % #S'C;ESA F3¢ |
h. (vV=5)(vV=3) :G\/’;)Q J’ﬁi): (.7’ (J{_‘)IZE

i.(2—\/——1)(5+\/—_9)':(2"<:>(5_+ 3¢) O/L._-__,

— o F 6 -5 3

3¢ ¢ +
Complex numbers in quadratic equations -—\3 —_ \J L T ac
Example 3.4.2. Solve for z: 2% + 6z +10 =10 - 2 G

=6 F 3y (Do)
X = (1)
R SN —¢ £ 2t 13+ ¢
2 - L —

Soxrio = (X (-3+0)) (X =(-3-¢))
}(7'4—| = (x ) Cx~<)

Example 3.4.3. Solve for z: z2 +1 =0
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= —br Jiroqac

2 Co_

Example 3.4.4. Solve for z: 922 — 62 + 37 =0

—

2 (%) %
¢t J3glism 6L
-~ =

g - 6136 - 47 6+ J3g —26 GM
_ ¢ _ 6t Jag—se Gn

= - (3
e — 4 el ) _etilow
: -
+ (
= I g (@ / 9‘

The Linear Factorization Theorem
If f(z) is a polynomials of degree n, where n > 0, then f has precisely n

linear factors

fl@)=an(z—a)z—c) (z —c) ‘

where ¢, ¢a, ..., ¢, are complex numbers.

Example 3.4.5. Find all the zeros of

L. f(z) = (¢ +5)(x - 8)?

V=-S5, 8§

2. ft)=({—-3)(t—2)(t —-3)(t+3) — D
t -2z E+3iz0

=3 =0 te2 =0
/

[/.é__—__’B é-':_Z £ =3¢ é’:-—gc“l/

.
S0 s goam (x-3r20) (-3 -20)

V=3 +2¢ 2O OF  ¥=-3-2020

m:g—li V= +2

13
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Example 3.4.6. Find a polynomial function of degree 7 with integer coefficients that has ONLY

the zeros c =4, c = —3i and ¢ = 3; legve &bw_&i'

e X 2
g.(y\:(X-%%(x p3e) (X -30)

Example 3.4.7. Find all zeros of f(z) = 423 + 1222 + 11z + 6 given that z = —2 is one of the

Zeros. y X’B le U +6 = ()('l-l) 5 >

X+ X+ T

y 12 ¢ G
-2 ’
e

14
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Example 3.4.8. Find all the roots of f(z) & z® — 7z? — z + 87 khowing that 5 + 2 is a zero.

5\+ZC >SS a4 Zero So T—2¢ CS o Zesro,

o tet -
o (,/é,@ f—Q@/Q FW?L‘S o~ left

V= SRR

e e
(x—f)—i’-(“) = speve bofl TS
X’L._/ox 25 = — ¢ yi

M )
}/@— X S F = Gé_l—ﬁqx+;«g) <>(4_4-)

— 2P AxT 10 x T=10A ¥ F20X
— T y29 4

15



